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Abstract 

Let / : E — > O be a Hurewicz fibration with a fiber space F ro and a lifting function L / . The 
Lf— function 0£, of / is defined by the restriction map of Lf on the space Sl(0, r ) x F To x {1}. 
The purpose of this paper is to give some results which show the role of Lf— functions in finding 
a fiber homotopically equivalent relation between two fibrations, over a common polyhedron 
base. Furthermore we will prove the equivalently between our results and Dold's theorem in 
fiber bundles, over a common suspension base of polyhedron spaces. 
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1 Introduction 

In what follows, for a topological space E, E will denote a set of all constant path e into 
e££,a the inverse path of a € E , * the usual path multiplication operation, ~ the same 
homotopy type for spaces and homotopic for maps and —/a fiber homotopy. 

First we recall from [9] that the simplicial complex K contains of a set {v} of vertices and 
a set {s} of finite nonempty subsets of {v} is called simplexes such that any set consisting 
of exactly one vertex in a simplex and any nonempty subset of simplex is a simplex. jKj 
denotes a set of all functions (3 from the set of vertices of K to I such that for any function 
P G jKj, the set {v G K : f3(v) = 0} is a simplex and YlveK P( v ) = 1- The topology on 
jKj is a topology which induced by metric d on jKj defined by d(a,fi) = {Ylveic[ a ( v ) ~ 
/3(v)] 2 } ' 5 . A topological space E is called a polyhedron if there is a simplicial complex K 
and a homeomorphism / : jKj — > E. A closed subspace A of E is called a subpolyhedron 
of E if there is simplicial complex L C K such that f(/L/) = A. And if A is a subpolyhedron 
of E, we say that the pair (E, A) polyhedron pair. In our paper, for any simplicial complex, 
any vertex belong to a finite simplexes, hence any polyhedron in this case will be an ANR 
(seei). 

From p] the suspension S(0) of O based a fixed point r Q G O is defined to be the quotient 
space of O x I in which for all b G O, (6,0) is identified to (r o ,0) and (b, 1) is identified to 
(r G , 1). Consider S(0) as the union of two cones, one of them is defined 

S (O) = {[(x, t)] G S(0) : (x, t) G O x [0, 1/2]} 

with (x, 0) identified to (r , 0) and the other by 

5i(0) = {[(x,t)] G S(0) : (x,t) G O x [1/2,1]} 
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with (x, 1) identified to (r , 1). The cones are always contractible spaces (see [3 [8]). If O is an 
absolute neighborhood retract (ANR) space, then S(0) is an ANR. Similarly, for polyhedron 
property, for more details see |6]. 

Dold's theorem is one of the famous solutions for the classification problem in fiber bundles 
over the n— sphere bases S n , (see[10j). James in [13J showed that Dold's theorem remains 
valid if we use suspensions of polyhedron space instead of n— spheres S n for the base of 
bundles., that is, Dold's theorem will take the following form: 

Theorem 1.1. [The Dold's theorem] Let 7 = (E, /, S(0),F, G) and 7' = (E', f, S n ,F', G') 
be two fiber bundles over a suspension S(0) of polyhedron space O with locally compact 
fibers Fand F'. Let fi : (0,x Q ) — > (G, e) and [i! : (0,x ) — > (G',e') be characteristic 
maps of 7 and 7', respectively and let i : G — > H(F,F) and i' : G' — > H(F',F') be the 
inclusion maps. Then 7 and 7' are fiber homotopy equivalent if and only if there is homotopy 
equivalence g : F — > F' such that the maps 

q(x) = g o (i o fi)(x) o g and q'(x) = (i' o fj!)(x) 

from O into H(F', F') are homotopic, where H(F, F) is the set of all homotopy equivalences 
from F into F and V is the inverse homotopy of g G LL(F, F). 

This paper is organized as follows. It consists of four sections. After this Introduction, 
Section 2 is devoted to some preliminaries. In Section 3 we shall start by giving some results 
about homotopy extension property and Lf— function properties. Next we show the role of 
Lf— function @i f in finding fiber homotopy equivalence between two fibrations. Mainly, we 
prove the following theorem: 

Theorem 1.2. Let [E\, /1, O, F^J and [E2, /2, O, F^ o ] be two fibrations over a polyhedron base 
O. Let O be the union of two subpolyhedra 0\ and O2 such that 0\ is a contractible in O to 
r Q € O3 = 0\ fl O2 leaves r Q fixed and O2 is contractible to r Q . Lf O3 is subpolyhedra of O, 
then f\ and f2 are fiber homotopy equivalent if and only if they have conjugate Lf— functions 
bygeH(F r \,Fl). 

In section 4 we will apply Lf— function in fiber bundles by proving the equivalently 
between Theorem 11.21 and Dold's theorem. 

All topological spaces in this paper will be assumed Hausdorff spaces. 

2 Preliminaries 

Recall [2] that the path space Pa(E,e a ) = {a G E 1 : a(0) = e Q } based at fixed point e a , a 
loop space Cl(E,e ) and E are closed in a path space E 1 . If E is a metrizable (resp. ANR), 
then E 1 , Pa(E,e Q ) and Q(E, e Q ) are metrizable (resp. ANR). 

Let / : E — > O be a fibration with a base O, total space E and fiber space F To = f~ 1 (r ), 
where r a € O. A map Lf : A/ — > E is called a lifting function for / if Lf(e, a)(0) = e 
and f[L f (e,a)] = a for all (e,a) G A/, where A/ = {(e,a) G E x Pa(0) : /(e) = a(0)}. If 
Lf(e, f o s) = e for all e G E, then the lifting function is called a regular lifting function. 
A fibration / is called regular fibration if it has regular lifting function (see [2] ) . 

Curtis-Hurewicz theorem, is one of the famous theorems in fibration theory which 
shows that any map is regular fibration if and only if it has regular lifting function. 
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Theorem 2.1. [Dold-Fadell Theorem] (see [3]) Let fi : E x — > O and f 2 : E 2 — > O be 
two fibrations over an ANR pathwise connected base O. Then f\ and f 2 are fiber homotopy 
equivalent if and only if there is a fiber map h : E\ — > E 2 such that the restriction map of 
h on fi l {r ) is homotopy equivalence into / 2 ~ 1 (r ), for some r a € O. 

A closed subspace A of a space E is said to have a homotopy extension property in .E 
with respect to a space O if any map / : (E x {0}) U (A x J) — s- O can be extended to a 
map F : E x I — >• O. 

Theorem 2.2. (See[TT] For a polyhedron pair (E, A), A has a homotopy extension property 
in E with respect to any space O. 

Theorem 2.3. (See [6]) Let A be a closed subspace of metrizable space E and O be an ANR 
space. Then A has a homotopy extension property in E with respect to a space O. 

Theorem 2.4. (See [6]) An ANR closed subspace A of an ANR space E has a homotopy 
extension property in E with respect to any space O. 

Recall [12] that if / : E — > O is a fibration and A is a subspace of O then the restriction 
map : f l {A) — A of / is a fibration and we denote it by f\A. 

Theorem 2.5. (see p2]) Let fi : Ei — > O and /2 : E 2 — > O be two regular fibrations 
over a polyhedron base O and i be a subpolyhedron of O. Suppose that there are two fiber 
maps hi,h 2 : fi\A — > f 2 \A such that h\ ~/ h 2 . Then if k\ has an extension fiber map 
H\ : Ei — > E 2 , h 2 has an extension fiber map H 2 : Ei — > E 2 and Hi ~j H 2 . 

Here we recall the details of the definition of fiber bundle which will be used in the our 
results in Section 4. 

Definition 2.6. [10] Let E, O and F be spaces. Let / : E — > O be a map of E onto O 
and G be group of all homeomorphisms of F onto F with as a binary usual composition 
operation o. Then 7 = (E 1 , /, O, F, G) is said to be a fiber bundle over a base O if there is 
an open covering {Vj : j € A} of O (where A is an index set) and for each j € A, there is a 
homeomorphism 0j : Vj x F — > sucn that ; 

1. f[6 j (b,y)] = bfoia31b€V j ,y€F. 

2. For each pair i,j € A and b E V{ D Vj, the homeomorphism 9j b o 9^ : F — > F 
corresponds to an element of G, where 9kb '■ F — > / _1 (6) defined by 9kb{y) = &k(b,y) 
for allb£V k ,yeF, (k = i,j). 

3. For each pair i, j £ A, the function : Vj PiVj — > G given by gij(b) = 9j^ o ib is a 
map. 

Remark 2.7. In fiber bundle 7 = (E, f, O, F, G), the maps 9j :VjxF — > / _1 (^S ) are called 
the coordinate functions, the maps g^ (b) = 9J b o 9ib are called coordinate transformations, 
the space E is called bundle over base O, and F is called fiber of bundle E. We shall denote 
the identity element of a group G by g, the inverse element g € G by gr~ . 

Theorem 2.8. p] Let S n be the n-sphere in R n+1 . For a fiber bundle 7 = (£, /, 5 n , F, G), 
there is a characteristic map fi : (5 n_1 ,2; ) — > (G,e), , where n > is a positive integer. 
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3 An Lf— functions of fibration 

In this section, we will define the Lf— function and study its properties. Next we will show 
its role in finding a fiber homotopically equivalent relation between two fibrations over a 
common polyhedron base. 

Theorem 3.1. Let f : E — > O be a regular fibration. Let (X,A) be an ANR pair (resp. be 
Polyhedron pair). If there is a map G : (X x {0}) U (A x /) — > E such that 

f[G(a,t)] = f[G(a,0)] for a€A,t€l, 

then there is a map H : X x I — y E such that H is an extension of G, 

f[H(x, t)] = f[H(x, 0)] for xeX,te I. 

Proof. By Theorem [23] if (X, A) is an ANR pair or by Theorem 12 . 21 if (X, A) is a Polyhedron 
pair we get that the map G can be extended to a map F : X x I — y E. For a path a 6 E 1 
and r £ I, we can define the path a r in E 1 by a r (t) = a[(l — t)r] for all t € I. Hence we can 
define the map H : X x I — > E by 

H(x,t)=Lf[F(x,t),foF(x) t ](l) for xeX,teI. 

At case X x {0}, by the regularity of Lf and since F is an extension for G, we observe that 
for 

H(x,0) = L f (F(x,0)JoF(x) )(l) 

= L f (F(x,0)J o F&0))(1) 

= [FM)](1) =F(x,0) = G(x,0). 

At case A x I, since for a € A and r,t E I, 

(foF(a) t )(r) = f[F(a)((l-r)t)]=f[F(a,(l-r)t)] 

= f[G(a, (1 - r)t)] = f[G(a, 0)] = f[G(a, t)] 

= f[F(a,t)] = [foF(ax,t)}(r), 

then by the regularity of Lf we get that H(a, t) = F(a, t) = G(a, t) for alH 6 /, a S A. That 
is, H is an extension for G. 
Finally, we also observe that 

f[H(x,t)] = f[Lf(F(x,t),foF(x) t )(l)] = (foF(x) t )(l) 
= f[F(x,0)] = f[G(x,0)} = f[H(x,0)] 1 

for all x G X, t £ I. □ 

We can give another rephrasing of Theorem above in the following corollary: 

Corollary 3.2. Let f\ : E\ — > O and fi : E% — > O be two regular fibrations. Let A be a 
closed subspace of O and (E±, f^~ 1 (A)) be an ANR pair (resp. be Polyhedron pair). If there 
are two fiber maps k\,k2 ■ fi\A — > /2I-A such that ki — / and k\ has an extension fiber 
map K\ : E\ — > E2, then &2 has an extension fiber map K2 ■ E\ — > E2 and K\ ~j K.%. 
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Proof. Since k\ ~/ k 2 then there is a homotopy R : /{" (A) x I — > f^ (A) between 
k\ := i?o anci ^2 := -Ri such that f2[R(a, t)] = fi(a). We can apply Theorem 13.11 on the 
regular fibration f2 by taking (X, A) := (E\, /{" (A)) and 

rv, rt = J ^ e >*) for (e,t) e fr\A) x I 
K,} \ K x (e) for (e,t) e E 1 x {0}, 

to get the extension homotopy H of G. Hence Hq = K\ and take K 2 = H\. Then H is a 
homotopy between two fiber maps K\ and K2 and we get 

f 2 [H(e,t)] = f 2 [H(e,0)] = f 2 [K 1 (e)} = f x {e) 

for all eeE 1 ,teI. That is, K x ~ } K 2 □ 

Remark 3.3. For an ANR spaces E and E 2 , Theorem 13.11 and Corollary 13.21 will remain 
valid if we put A a closed subspace of metrizable space X instead of an ANR pair (X, A) 
since we can use Theorem 12.31 in the proofs. For a polyhedron base O, Corollary 13.21 will lead 
us to Theorem 12. 51 

Definition 3.4. Let / : E — > O be a fibration with fiber space F To = f~ 1 (r a ), where 
r Q € O. By the Lf— function for fibration f induced by a lifting function Lf we mean a map 
@L f ■ 0(0, r a ) x F ro — > F To which is defined by 

@ Lf (a,e) = L f (e,a)(l) for e G F To , a 6 f}(0, r ). 

Henceforth, we will denote by [E, /, O, F To \ the regular fibration / : E — > O with an 
Lf— function Qi f : J7(0,r ) x F To — > F ro , induced by the lifting function Lf and with a 
fiber space F To = /~ 1 (r ), where r Q € O. 

Theorem 3.5. Let [E, f,0,F ro ] be a fibration with metrizable spaces E and O. Let : 
fi(0,r ) x F ro — )• F ro be a map such that @L f — @ and 0(r\,,e) = e for all e G F To . If E is 
an ANR, then there is a regular lifting function L'f for f which induces 0. That is, is the 
Lf— function for f. 

Proof. Firstly, by the hypothesis, 0^ / ~ 0. Then there is a homotopy 

R : MO,r ) xFj x J — ► F r „ 

such that R[(a,e),0] = ©L / (a,e) and R[(a,e),l] = 0(a,e) for all e G F To ,a G £1(0, r Q ). We 
observe that Qi f is extendable to a map 0^ : Pa(0,r Q ) x F To — y E defined by 

Q' Lf (a,e) = Lf(e,a)(l) for e G F To ,a G Pa(0,r ) 

having the property 

f[e' Lf (a,e)] = a(l) for e G F To ,a G Pa(0,r D ). 
This implies that R and give us a map from 

[Pa(0,r ) x F ro x {0}] U [0(O,r o ) x F To x /] 
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in to E. Since $7(0, r Q ) x F To is a closed in a metrizable space Pa{0,r o ) x F ro then by 
Corollary 13.21 and Remark l3.3^ can be extended to a map a map 0' : Pa(0, r Q ) x i^ ro — > E 
such that 

/[9'(a,e)] =a(l) for e G F ro ,a G $7(0, r Q ). 
Secondly, for a G O 7 and r G I, define two paths a r , a r G O 7 by 

a r (t) = a{rt) and c/(i) = a(r + (1 — r)t) for t G /. 

Hence define a homotopy i/ 7 : [$7(0, r Q ) x F r J x I — > F To by 

ff'[(a,e),t] =L / [e / (a t ,e),a*](l) for t G J, e G F ro , a G $7(0, r a ). 

Hence by the hypothesis and the regularity for Lf, we observe that 

H'[(a,e),0) = L f [e'(a ,e),a°}(l) 

= L / [6 / (r~, e ),a](l) 

= L f (e, a) (1) = Q Lf (a,e), 

H'[(a,e),l] = L f [®'( ai ,e),a l ]{l) 

= L f [Q'(a,e),r~](l) 

= Q'(a, e) = Q(a, e), 

for all e G -F ro , a G $7(0, r„) and 

H'[(f ,e),t) = L f [e'((f ) t ,e),(f Y](l) 
= L / [e / (r~,e),r~](l) 
= Lf(e,f )(l) = e, 

for all e G -F ro . Again we can apply Theorem 13.11 and Remark 13.31 by taking 

A:=BUC and X := A' f = {(a, e) G Pa{0) x £7 : a(0) = /(e)} 

where £= [$7(0, r ) x F r J, and O = [(OxE)fl A'/], and a map G : {X x {0})U (A x /) — ► £ 
given by 

f iJ'[(Q!,e),t] for [(a,e),t]€BxI, 
G[(a,e),t} = < e for [(a, e), t] G O X I, 

{ L/(e,a)(l) for [(a, e), i] G A'/ x {0}, 

Hence there is a map H : A'/ x I — > E such that H is an extension of G and 

/{#[(<*, e), t]} = f{H[(a, e), 0]} for (a, e) G A'/, t G /. 

Finally, we can define a map L'j : Af — > E 1 by 

L' f (e,a)(t) = H[(a t ,e),l] for (e, a) G A/, t G J. 

Now we will show that is a regular lifting function for / as follows: 
1. For (e, a) G A/, we have that 

L' f (e, a)(0) = [(a , e), 1] = G[(a(0), e), 1] = e; 
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2. For (e, a) G A/ and t £ I, we have that 

/[L^e, «)(*)] = e), 1]} = f{H[(a t , e), 0]} = /[L^e, a t )(l)] = a(t); 

3. For eeS, 

L}(e, / o e){t) = H[(f(e) t , e), 1] = G[(f(e) v e), 1] = e. 
Hence L'f is a regular lifting function of / and for (a, e) G Q(0, r Q ) x F ro , 

L}(e, a)(l) = ff[(ai, e), 1] = H[(a, e), 1] = ff'[(a, e), 1] = 9(a, e). 

That is, is an L/— function for / induced by the regular lifting function L'f. □ 

It is clear that the lifting function for any fibration no need to be unique and the definition 
of the Lf— function depends on the lifting function. So the Lf— function no need to be unique 
but it is uniquely determined up to a homotopy class as it is shown in the following theorem. 

Theorem 3.6. Let [E,f,0,F ro ] be a fibration. If f has two lifting functions Lf and L'f, 
then the Lf— functions ®L f and are homotopic. 

Proof. For a G O 1 and r £ L, we can define two paths a r and a r in O 1 by 

a r (t) = a(rt) and a r (t) = a{r + (1 - r)t) for t €. I. 
Hence we can define a homotopy 

H : [tt(0, r a ) x F ro ] x / — > F To 

by 

H[(a,e),t] =L f [L' f (e,a t )(l),a t }(l) for t G /, e G F ro , a G (1(0, r Q ). 
By the regularity for Lf and L'f, we get that 

H[(a,e),0] =Lf[L'f(e,a )(l),a }(l) = L f [L' f (e,f )(l),a](l) 

= L f (e,a)(l) 
= @ Lf (a,e), 

and 

H[(a,e),l] =L f [L'f(e,a 1 )(l),a 1 }(l) = L f [L' f (e,a)(l),r ](l) 

= L' f (e,a)(l) 
= ®L' f (a,e), 

for all e G F ro , a G S7(0,r ). Hence @L f and Q L > are homotopic. □ 

Definition 3.7. Let [E 1 , fi,0, F^J and [E 2 , /2, 0, F r 2 J be two fibrations. The ///-functions 
@L fl and @L f2 are said to be conjugate if there is g G H(F^ o ,F^ o ) such that 

&L fl ^ V° @l /2 ° (*n(0,r ) x 5), 
where in(o,r ) dentes the identity map of f2(0,r ) onto itself. 
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Theorem 3.8. Let [Ei, fi, O, F,}J and [E2, f2,0, F r 2 J be two fibrations. If fi and f 2 are fiber 
homotopic equivalent, then ®L fl o,nd @l /2 are conjugate Lf— functions. 

Proof. Let fi and f 2 are fiber homotopic equivalent by two fiber maps 

h : Ei — > E 2 and g : E 2 — > E\. 

For a € O 1 and r € /, we can define two paths a r and a' r by 

a r (t) = a(rt) and a' r (t) = a[r + (1 — r)t] for tel. 

Hence we can define a homotopy H : A/i x I — > Ei by 

H[(a,e),t]=g{L f2 {h[L fl (e,a t )(l)],a' t }(l)} for t £ I, (e, a) G A/i 

By the regularity for L ^ and L f 2 , we get that 

ff[(a,e),0] = 5 {L /2 {/ l [L /l (e,a )(l)],a / }(l)} 

= 9 {L f2 {h[L fl (eJioZ)(l)],a}(l)} 

= g[L f2 (h(e),a)(l)}, 

and 

ff[(a,e),l] = g{L f2 {h[L fl (e,ai)(l)],a[}(l)} 

= g{L f2 {h[L fl (e,a)(l)], a (l)}(l)} 

= g{L f2 {h[L h {e,a){l)]Ji[L f ^){l)]}{l)} 

= g{L f2 {h[L fl (e,a)(l)],(f 2 oh)[L fl (e,a)(l)}}(l)} 

= g{L f2 {h[L fl (e,a)(l)},f 2 [h(L fl (e,a)(l))}}(l)} 
= g{h[L fl (e,a)(l)]} 
= (goh)[L fl (e,a)(l)], 

for all (e, a) € A/i. Consider the composition 

"(0, r e ) x F r \ " ( °- )Xfe ° 0(0, r o) x ^ , 

where /i G = and <7 Q = g|^2 . Hence define a homotopy G : Q(0,r ) x x I — > F^ o as 
a restriction map G = H\si(o,r )xFi °f ^ 011 ^(O, r Q ) x F^. Then we get that 

G[(a,e),0] = g [L h (h (e),a)(l)} 
= 9o[&L j2 (a,h (e)} 
= bo ©l /2 (*n(0,r ) x h a )](a, e), 



and 



G[(a,e),l] = (g oh )[L fl (e,a)(l)} 
= {9o° K)[®L h {a,e)] 
= [(9o°h )oQ Lfi }(a,e), 
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for all e G F} o and a G $7(0, r G ). Hence 

9o 0L /2 o (id Q ( ,r ) x M ^ (#o ° M ° ©L^ • 

Since g ° h a ~ id F i , then ^ o ©l /2 o {id^ ,r ) x ^o) — © • Hence &L fl and ©l /2 are 
conjugate Lf— functions. □ 

Lemma 3.9. Let [E, /, O, F Vo ] be a fibration. Then the maps D, D Q : Af — > E defined by 

D(e, a) = Lf[Lf(e, a)(l), a](l) and D Q (e,a) = e, 
for all (e, a) G Af, are homotopic. 

Proof. For a £ O 1 and r £ I, define paths a r , a' r and a" in O by 

a r (t) = a(rt), a' r (t) = a[r + (1 - r)t] and o£'(t) = a[2r(l - t)], 
for all tG/. Define two homotopies H : Af x / — > E by 

H[(e,a),t]=L f [L f (e,a t )(l),a' t ](l) for t € J, (e, a) € A/, 
and a homotopy G : O 1 x I — s> by 

fG (ar )l(t)J fOT 0<t<l/2, 

for all a G r £ I. Hence define a homotopy F : Af x / — > E by 

F[(e, a), i] = H[{e, G{a, t)), 1/2] for t G /, (e, a) G Af. 

By the regularity for Lf we observe that for (e, a) G A/, 

F[(e,a),l] =tf[(e,G(a,l)),l/2] = tf[(e, a *a), 1/2] 

= ^/{■K - [e,(a*a)i/ 2 ],(a*a)i /2 }(l) 

= L / [K(e,a),a](l) 

= L f [L f (e,a)(l),a](l) 

= D(e,a) 

for all (e, a) G A/, and 

F[(e,a),0]=#[(e,G(a)),0](l/2) = #[(e,a(0)), 1/2] 

= L / {K[e,a(0) 1/2 ],a(0) , 1/2 }(l) 

= L/{if[e,a(oj],a(oj}(l) 

= L / [L / (e,/o?)(l),/og](l) 

= L/^/oeXl) 

= e = D (e,a) 

for all (e, a) G Af. Hence D and Z) are homotopic. □ 

In the proof of Lemma above we get that the homotopy F has the following property: 

f{F[(e,a),t]} = a(0) for (e, a) G Af. (1) 
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Remark 3.10. In Lemma 13.91 f° r t £ I, we can define a map 0^ . : f2(0,r ) x F r — > F r 
by 

0* L/ (a,s) = H(s,a)(t) for a G 0(0, r ), s G F To . 
By the regularity for Lf, we observe that 

e^.(a, S ) = Gi / (a, S ) = G L/ (a, S ). 

By the definition of 0t we get that for i G /, 0t ~ 0^ Also we observe that 0^ (r\,, s) = s 
for all s € F ro . 

Proof of Theorem (1.2). Necessity: If /i and /2 are fiber homotopy equivalent then by 
Theorem 13.81 thev have conjugate Lf— functions. 

Sufficiency: Since 0\ and O2 are contractible to r Q G O3, then there are two homotopy 
maps R\ : 0\ x I — >• O and R2 : O2 x I — ► O such that 

i?i(x,0)=x i?i(x, 1) = r G for x G Oi, 

and 

i?2(x,0)=x i?2(x, l)=r Q for x G O2, 

respectively. We will denote the path: t — > Ri(x,t) by Rf for x G Oi and the path: 
t — > R 2 (x, t) by R% for x G 2 . 

In Figure 1, let = fi\Oj, where i = 1,2 and j = 1,2,3. Now we can define a map 
fcii/f^Oi)— ►/ 2 " 1 (0 1 )ty " 



/11(e) = Lyi.^^Ce,^ 1 ^)^)],^ 1 ^}^) for e G /^(Oi), 
and a map /i 2 : Jf 1 ^) — 5- /^(C^) by 



/.2(e) = L A {p[£ A (e f l^ (e) )(l)],l^ (e) }(l) for e G fr\0 2 ). 

It is clear that 

(/ 2 o/ ll )(e) = J Rf l(e) (l)= J R( l(e) (0) = / 1 (e) 

for all e G /f 1 (Oi) and 



(/ 2 o / i2 )(e) = i?f (e) (l) = R f 2 l{e) (0) = h(e) 

for all e G /^(C^)- That is, hi and /t 2 are fiber maps. 

Also in Figure 1, we can define a map ki : f^iOs) — > /{^(Oa) by 



h(e) = L fl [L h (e,R f 2 l{e) )(l),R f ^ e) }(l) for e G /f 1 ^), 
and a map £; 2 : /jf 1 ^) — > / 2 _1 (0 3 ) by 



fc(e) = L /2 [i: /2 ( e ,i?{ 2(e) )(l),i?{ 2(e) ](l) for e G ^(Oa), 
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respectively. It is clear that 



(/ 1 ofc 1 )(e) = 4 l(e) (l)=^ l(e) (0) = / 1 (e) 



for all e e / x 1 (0 3 ) and 



(/ 2 ofc 2 )(e) = J R{ 2(e) (l) = J R{ 2(e) (0) = / 2 (e) 
for all e € f 2 ~ 1 (0^). That is, fci and k 2 are fiber maps. By Lemma 13.91 we get that 



'1 -/ Vr^os) 



and h 



;2 -/ Va-^Os)' 



Then 

hi o fci —f h\ and ^2°^ — / ^2- 

That is, to show that hi —f h 2 as fiber maps of /^(Oa) into f 2 l (P^), it is sufficient to show 
that fti o ki^k 2 o h% as fiber maps of /f 1 (0 3 ) into f 2 l {O z ). By RemarkEHil we get that 



= L / J( 5 oe^)[^^( l(e \L /l (e,^ l(e) )(l)],^}(l), 



and 



L f2 

L h {[e]!l °( 1 x 5 )]{^P^{ l(e) ,% 1 (e,^ l(e) )(l)},^P y }(l), 



for all e£/j H^), where 1 = ifi(o,r )- 

By the hypothesis 6 L/i ~ V @L /2 fo(0,r ) x 5), e.g., 

g o 6 L/i ~ e Lf2 o {in(o,r„) x 5), 



and by Remark 13.101 we get 0^ ~ Q 1 /^ and @l /2 — ©z^ 2 • That 

9°C - @ lI (*n(o,r„) x 9)- 



IS, 



«V2 

&/1 
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Hence by Lemma \3M again, we get 

hi o k\ ~ / k 2 o h 2 =>■ hi~fh,2, (2) 

as fiber maps of (O3) into / 2 -1 (03)- 

Now in two fibrations /13 = /1IO3 and / 23 = /2IO3, since O3 is a subpolyhedra of 
/ii ~j /i 2 as maps of / 1 ~ 1 (0s) into (O3) and /i 2 is defined on / 1 _1 (02), then by Theorem 
12.51 h\ can be extended as fiber map to all of /f 1 (0 2 )- 

Since /ii is defined on / x 1 (Oi) then 
/ii gives a fiber map /i of E\ into F 2 . Since Oi is contractible to r a leaves r Q a fixed, then 
R\° = f Q . Hence for e G F^ C /f x (0 3 ), 

fc(e) = fci(e) = L / J 5 [L /l (e,i?{ l(e) )(l)j ! «p y }(l) 

= L /2 {<7[L /l (e,r~)(l)],r o }(l) 
= L h {g{e),f ){l) = g(e). 

That is, h as map: — ^ F,? is a homotopy equivalent. Since O is an ANR and it is clear 
that O is a pathwise connected (O is the union for two contractible spaces and O3 ^ 4>), then 
by Fadell-Dold theorem, f\ and f 2 are fiber homotopy equivalent. □ 

4 Applying L/— function in fiber bundles 

Here we apply the Lf— function in fiber bundles by proving the equivalently between Theorem 
11.21 and Dold's theorem. 

Firstly, we will give some propositions which help us to make comparing between Dold's 
theorem and Theorem 11.21 

In the following proposition we will prove the converse of Theorem 12.81 

Proposition 4.1. Let G be a group of all homeomorphisms of space F with as binary usual 
composition operation o. If there is a map fi : (S n ,x Q ) — > (G, g), then there is bundle E 
over sphere S n and a map / : E — > S n such that 7 = (F, /, S n ,F, G) is fiber bundle. 

Proof. Let S n = V\ U V 2 , where each V, is an open n-cell such that V\ Pi V 2 is a trip a round 
S n_1 and there is a retraction r : Vi fl V 2 — 5- S^ 1 ( see|13j). Now define maps 

9u - Vi — >G, gu(x) = g V x G Vu (i = 1, 2), 

512 :VinV 2 — > G, gi 2 (x) = (n o r)(x) V x G Vi n V 2 , 

and 

5 2i : Vi n y 2 — > G, g 2 i{x) = [gi 2 {x)]- x V x G Vi n V 2 . 

Let J = {1, 2} be a space with the discrete topology and T C S n x F x J be the set defined 
by 

T = {(x.sm) :s G Vj,y G F,j G J}. 
Define an equivalent relation = on T by 

(xi,yi,j) = (x 2 ,y 2 , k) <=>• x 1 = x 2 and 9kj{xi){yi) = y 2 , 
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where (xi,y%,j), (x2,y2,k) G T. Then put E to be the space of equivalence classes obtained 
with the quotient topology. Hence define a map / : E — > S n by 

f([(x,y,j)])=x V [(x, y,j)] G E, 

and the maps 9j : Vj x F — > / _1 (Vj) defined by 

9j(x,y) = [(x,y,j)] V (x,y) G Vj x F. 

Hence it is clear that 7 = (E, f, S n , F, G) is a fiber bundle. □ 

Proposition 4.2. Let [E, /, O, F ro ] be a fibration with locally compact fiber space F ro . Then 
the function (ft : $7(0, r D ) — > F ro r ° given by 

(ft(w)(e) = Q Lf (w,e) for w G $l(0,r ),e G F ro , 

is a map from 0(0,r ) into H(F ro , F To ). 

Proof. Since a Hausdorff space F To is a locally compact then (ft is continuous function (see 
[2] Proposition A. 14 P.530). Now we will prove that for w G 0(0,r ), (ft{w) is homotopy 

equivalence from F To into -F ro . For w G $7(0, r D ), we can define a map </>(w) : F To — > F To by 

(ft(w) (e) = G i/ (w, e) for e G F To . 

Then we get that 

[^)oJw](e)=I / [L / (e,f)(l), I «](l) for eGF ro , 

and 

^Ho0(«,)](e)=i / [i / (e,«j)(l),tiJ](l) for eGF ro . 

Then by Lemma 13.91 

4>{w) o (ft(w) ~ i_p ro and (ft(w) o (ft(w) ~ iF rg . 
Hence <^(w) G H(F ro , F To ). Therefore (ft is a map from $7(0, r ) into H(F ro , F To ). □ 

Proposition 4.3. Let 7 = /, O, -F ro , G] be a fiber bundle and fibration with locally 
compact fiber F To . Then the function (ft : $7(0, r Q ) — > F r J° given by 

<f>(w)(e) = Q Lf (w,e) for w G $7(0,r G ),e G F ro , 

is a map from $7(0, r Q ) into G. 

Proof. Since F is a locally compact, then (ft is continuous function. For w G O^, let 
F w{ o) = rV(O)) and F w{1) = /"^(l)). Then the map /i : F TO ( Q ) — > F w ^ given by 

is a homeomorphism since it is obtained from the compositions of coordinate functions which 
are homeomorphisms. Hence (ft is a map from $7(0,r ) into G. □ 
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Definition 4.4. For any space O with fixed point r Q G O, we can define a conical map 
ip ■ O — > Q(S(0),r ) as follows: 

For x G O, let wq(x) be path between in a cone S'q(O) from equivalent class [(x, 1/2)] into 
[(r , 1/2)] and let w\{x) be path between in a cone S±(0) from [(x, 1/2)] into [(r ,l/2)]. 
Define the conical map ip : O — > Q(S(0),r ) by 

ijj(x) = wi(x) -k wo(x) for x £ O, 

where fi(£(0),r ) := Sl(S(0), [{r , 1/2)]). 

To prove the equivalently between Theorem 11,21 and the Dold's theorem we will rephrase 
Theorem 11.21 for two fibrations over a common suspension base. 

Remark 4.5. Let 71 = [E 1: f 1} 5(0), F,} o , d] and 72 = [£ 2 , /a, 5(0), F r 2 , G 2 ] be two fibra- 
tions over a common suspension base S*(0) of a polyhedron space O with locally compact 
fibers F} and F 2 . In Figure 2, let 

fii:(0,r ) — gi) and /i 2 : (0,r ) — ^(G 2 ,g 2 ) 

be characteristic maps of 7 and 7', respectively. Also let 

i i: Gi^H(i£,i£) and i 2 : G 2 — > #(F 2 , F 2 ) 

be the inclusion maps. From Propositions 14.21 and 14.31 then Theorem 11.21 and the Dold's 
theorem can now be compared. Let g G H(F^ o , F 2 o ) and ^ is the conical map. Hence 



L(S(0),r ) 




Figure 2 

Theorem 11.21 can be restated in terms of <f>i, 2 , and ip as follows: 

Two fibrations 71 = [E\, fi, S(0), F^ o , G±] and 7 2 = [E2, / 2 , S(0),F^ o , G 2 ] are fiber homotopy 
equivalent if and only if there is g G H(F^ o , F^ ) such that two maps 

m(x) = g o ii o <p]\ip{x)\ for x G O, 

and 

m!{x) = %2° </> 2 [V'( 2; )] for x G O, 
from O into i? (F r 2 , F 2 o ) are homotopic. 

If it can be shown that </>i o ip ~ ^1 and ip — jU 2 , then Theorem 11.21 and the Dold's 
theorem are equivalent. We will prove it in Theorem 14.71 
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Lemma 4.6. Let 7 = [E, f, O, F To , G] be a fibration. Let = 0% U 2 , r a G Oi n 2 , 

A/ = {(fte) G n(0,r ) x F ro : /3 = ^^j, ^ e 0[(i = 1,2), 
0(1/2) = w 2 (l) = w 1 (0) GOin0 2 } 

and Lj be a lifting functions for fibration f\Oi. If there are fiber homeomorphisms ej : 
0« x ^r — > f [Oi), then the map <j> : A/ — > F To given by 

fee) =L 1 [L 2 [e,w 2 )[l),w 1 ][l) for (/3,e) G A/, 

is homotopic to the Lf— function &L f , where i = 1,2. 

Proof. We can define the lifting functions L\ and L 2 for fibrations f\0\ and /|0 2 by 

Li(e,w) = €i[w(t), (tt 2 o er 1 )(e)] for (e,io) G A/|Oj, 

where i = 1, 2, respectively. Since Lj is lifting function for 7, then it is also a lifting function 
for f\0\ and f\0 2 . Hence Lf ~ on A/|Oi and Lf ~ L 2 on Af\0 2 . Define a map 
4> ■ A/ — ► /•;,. by 

fee) = L / [L / (e,«;2)(l),«;i](l) for (/?, e) G A/. 

Then ~ and by the homotopy -ff in proof of Lemma 13.91 4> ~ ©z,/- Hence 0^—0. □ 

Theorem 4.7. Let 7 = /, S[0), F To , G] be a fiber bundle over suspension S(0) of a 
polyhedron space O with locally compact fiber F To and admits a lifting function Lf. Also let 
: Q[S(0).r ) — > G be a map given by 

0(/3)(x) = L f [x,P)[l) for /3 G Q(S(0),r ),x G F ro . 

Then o ip ~ /i, where // : (O, r ) — > (G, e) is the characteristic map of 7 and ip is the 
conical map. 

Proof. In LemmaEE put S[0) = S {O) U Si[0), Oi = S (O), and 2 = Si(O). It's clear 
that O = 5o(0) n Si(O). Now define maps 

gii :Si{0)^G by <fc(x)=g for x G Si[0), [i = 0, 1), 

501 : O — ► G by 301(2) = mO*0 for x G O, 

and 

510 : O — > G by g w (x) = for x G O. 

Let J = {0, 1} be a space with the discrete topology and let T C S(0) x F To x J be the set 
defined by 

T = {[x,e,j) : x G Sj(0), e G F ro , j G J}. 
Define an equivalent relation = on T by 

(xi,ei,j) = (a? 2 ,e 2 , k) x 1 = x 2 and gkj[xi)[ei) = e 2 , 
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where (x 1 ,e 1 J),(x 2 ,e 2 ,k) G T. 

Recall Proposition 14. II that points of E are identified to the equivalent classes of all triples 
(x,e, j) G T. Hence for j = 0, 1, the maps €j : Sj(0) x F To — > f~ 1 (Sj(0)) given by 

ej(x,e) = [{x,e,j)] for (x,e) G Sj(0) x F ro , 

denotes the equivalence class of the triple (x,e,j). 

Put r Q := [(r G ,l/2)] in 5(0) and e := [(r ,e,i)], where i = 0,1. Then from Lemma 14.61 
we have that for f3 G 0(5(0),r ), (3 = wi* w$ for some G [5o(0)] 7 , ^i G [5i(0)] 7 and 

Lx{e,wo){l) = [(wo(l),e,Q)], 
L 2 (e, Wl )(l) = [( Wl (l),e,l)} 

= [( Wl (l),^ Wl (l))(e),0)]. 

Hence 

f(P,e) = Iailvie, W!)(l),w ](l) 
= [(r o ,/iK(l))(e),0)] 

= M(^(l/2))(e). 

Let f2(5(0), r Q ) be the projection of A/ on 0(5(0), r ) and 0' : Q(S(0),r ) — > G be a map 
given by 

0'OS)(e) = 0(/3,e) for /3 G 0(5(0), r„), e G F To . 
Then by Lemma l3.9| <j) ~ 0' and 

(0' o V>)(e) = ^(e)] = nMe)(l/2)] = M (e), 

Thus (f)' o ip = [j,. Hence o ^ — Therefore Theorem 11,21 and the Dold's theorem are 
equivalent. □ 
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